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In an actual tunnel, the finite thickness of the shear layer
and of the wall boundary layers will make the situation even
worse. Shear layers between two supersonic streams are
known to have positive displacement thickness.4 That, com-
bined with the displacement thickness of the boundary layers
will decrease the effective diffuser area. On the other hand,
the present zero-growth assumption for the shear layer is not
bad for a relatively short test section length, because super-
sonic shear layers grow extremely slowly compared to sub-
sonic ones.5 Obviously, the longer the channel, the more
severe the viscous effects will be. Button et al.6 found that if
the channel length of a supersonic-supersonic ejector is very
long, the flow inside the ejector may suffer a normal-shock-
like deceleration, with an accompanying total pressure loss,
static pressure rise, and Mach number decrease to subsonic
values.

The second throat areas depicted on Fig. 3 correspond to
steady-state, running conditions. They do not reflect the re-
quirements for starting the tunnel. In one-stream tunnels, the
minimum second throat area required for starting is con-
siderably larger than that required for running, even under in-
viscid conditions. It is safe to assume that the same is true for
two-stream tunnels, although their starting process is too com-
plex to be addressed here. For M1>00 and M2>00 substantially
different, the second throat provides minute pressure recovery
(Figs. 2b and 2c) and introduces the risk of not being able to
start. In that case, it appears best to eliminate the second
throat. If, however, pressure recovery turns out to be impor-
tant, a variable-area diffuser then should be employed.
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Nomenclature
= constants of the law of the wall, Eq. (8)
= universal additive constant of the logarithmic
law of the wall, =5

= constants of the law of the wall, Eq. (8)
= universal additive constant, Eq. (5)
= function
= shape parameter, =5l/d2
= constant, Eq. (13)
= exponent of Falkner Skan similarity solutions
= Reynolds number based on boundary-layer
thickness, =U005/p

= Reynolds number based on displacement
thickness, -U00bl/v

= Reynolds number based on momentum
thickness, =U00b2/v __

= freestream turbulence intensity, = (w'VC/o)0-5

= mean velocity component parallel to the wall
= scaling velocity of the wake function
= friction velocity, (rw/p)°-5

= nondimensional mean velocity, =U/UT
= freestream velocity
= freestream velocity at the edge of the boundary
layer

= nondimensional characteristic quantity,

= local coordinate normal to the wall
= nondimensional wall distance, =yu7/v
= constant, here j8 = 3/4 ?r2

= boundary-layer thickness
= displacement thickness
= momentum thickness
= nondimensional wall distance, =y/5
= constant of the law of the wall, Eq. (8)
= von Karman constant, =0.41
= nondimensional pressure gradient, = (32/v)

(dU^/dx)
= kinematic viscosity
= fluid density
= nondimensional friction velocity, =uT/U00
= wake function
= law of the wall function
= correction function
= wall shear stress, =pu*

= outer region
= inner region
= instability point
= laminar
= Pohlhausen
= transition point
= turbulent
= first turbulence profile after transition

I. Introduction

MEASURED turbulent boundary-layer profiles in a plane
flow can be described with good agreement by the Coles

profile model,1 especially if the abrupt change in the slope at
the outer edge of the boundary layer is eliminated, so that the
velocity gradient du/dy\d becomes zero.
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Equation (1) shows the Coles profile model with an additional
correction term. The shape of the modification function $>3
chosen here is basically similar to the function 0.5 r/2. The
shape of the modification function is of no great importance
for the description of turbulent boundary-layer profiles as
long as the velocity profile gradient vanishes at the outer edge.
But, a higher order polynomial is used here so that the first
three derivatives of the modification function vanish at the
wall.

The profile model defined by Eq. (1) is not valid for the
velocity distribution in the viscous sublayer near the wall. It
can be shown that the Pohlhausen approximate equation2 for
laminar boundary layers can be rearranged in the following
way [Eq. (2)], where, similarly to Eq. (1), it is divided into a
law of the wall $2p and a wake function $IP:

(2a)

(2b)

(2c)

(2d)

Therefore, both laminar and turbulent boundary layers
basically can be described both by a law of the wall and a
superposed law of the wake. This makes it possible to develop
a common velocity profile mode of laminar, turbulent, and
also transitional two-dimensional boundary layers.

In Fig. 1, a laminar and a turbulent velocity profile are plot-
ted in new coordinates u + K—f(y + K) in contrast to the
classical coordinates u+ =f(y +). The universal character of
the logarithmic law of the wall

KT
(3)

is not influenced by this. Equation (3) is transformed in the
following way:

T ) + COT (4)

The new universal additive constant COT = 2.9416 is calculated
with the values KT = QAl and Cr = 5.0 as proposed by Coles.3

10 - turbulent velocity profile

laminar velocity profile

Fig. 1 Laminar and turbulent velocity profile according to Eqs. (7),
(11), and (12), A = 0

As a first approximation laminar boundary-layer profiles
can be assumed to be a one parameter family of curves (local
similarity). We then get for a nondimensional pressure gra-
dient A:

uL/U00=f(rj) (5)

Replacing KL by PUL in the description u + K=f(y+ K) leads to
identical agreement with the similarity equation, Eq. (5), pro-
vided that the velocity profiles of laminar boundary layer de-
pend on the nondimensional pressure gradient A.

Measurements of zero-pressure gradient transitional bound-
ary layers were evaluated using different values of /3. The best
agreement was found for /3= 3/47r2, but good results also were
obtained for smaller values down to /3 = 1. A final decision
concerning the value of & may be possible when transitional
boundary layers with pressure gradient are evaluated.

U+KL=P(UL/U(X) (6a)

(6b)

where y+ K is not only considered to be the responsible non-
dimensional length scale of the velocity distribution u + K for
two-dimensional laminar and turbulent boundary layers but
also for transitional boundary layers, where K rises during
transition from K = KL =/3wL to K = Kr = 0.41. It is one subject
of this investigation to examin^ the development of K within
the transition region by evaluating measured velocity profiles
of transitional boundary layers. It is necessary for this in-
vestigation to use a law of the wall that satisfies the boundary
conditions at the wall and fits the measured velocity distribu-
tion near the wall.

II. Law of the Wall
The law of the wall proposed here is a modified form of that

of H. Pfeil and W. Sticksel4:

+A ̂  + K) + Cl [ 1 - e~A2y+ K ( 1 +A3y + K) ]

-A4X2(X2-2X-2)e~x]

(7a)

(7b)

(7c)

The coefficients Al9 A2, A3, and Q are calculated by
simultaneously solving the nonlinear set of Eqs. (8):

l=Al+Cl(A2-A3)

Q = A2
l+ClA2(A2-2A3)

(8a)

(8b)

(8c)

(8d)

These coefficients depend only on the von Kdrman constant KT
and the universal additive constant of the law of the wall CT.
For the values of KT and CT normally used, Al,A2,A3 and Q
are shown in Table 1.

Table 1 Constants Al,A2,A3, and Cj of the law of the wall

Nikuradse5

Coles3

KT

0.4
0.41

5.5
5.0

0.5642
0.5816

0.4346 0.3166
0.4541 0.3339

3.6887
3.4836
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Fig. 2 Falkner-Skan similarity solution profiles compared with
laminar velocity profiles according to Eqs. (11) and (12).

The following boundary conditions at the wall and at the outer
edge are valid not only for laminar and turbulent but also for
transitional boundary layers. These boundary conditions are
satisfied by the complete velocity profile model formulated in
Eq. (11).

d(U+K)

82(U+K)

d(y+
Kr

8(U+K)

= 0

d ( y +
K )

= 0

(9a)

(9b)

(9c)

(9d)

The scaling factor of the wake function, ii^/U^ in A4,
satisfies the second derivative of the law of the wake at the
wall. For K = KT, the first line of Eq. (7a) represents the law of
the wall for a turbulent flow over a flat plate without pressure
gradient (A = 0). This part of Eq. (7a) can be replaced by any
one of the more than 40 proposed laws of the wall,6 but only

some of them fulfill the boundary conditions shown in Eqs.
(9a-9c). The term multiplied by the factor A4 in Eqs. (7a)
satisfies the boundary condition introduced in Eq. (9b). This
term cannot be derived and is therefore empirical, but it af-
fects neither the theortical velocity distribution near the wall
(y + <5) nor the logarithmic law of the wall (y+ >30). Even
for the greatest observed values of A in turbulent boundary
layers3 as well as in laminar boundary layers, the differences
between the velocity distributions with and without this term
are negligible. This term serves only as an alibi to satisfy the
boundary condition [Eq. 9b)]. It is therefore omitted in the
following considerations.

III. Law of the Wake
The law of the wake in this velocity profile model is the well-

known wake function used by Hinze7:

f-D (10)

IV. Velocity Profile Model
The complete profile model is a superposition of the law of

the wake and the law of the wall:

u / c o ulm \
~TT=f\——'X'~7r—'V
t/oo \ * ^oo /

~Ax \— —— 3r?4 +V - 1.5rj6 j- (1 +A3X)e~A2x] +c— —— 3r?4

^cos2(-i-') (11)

The validity of the Coles profile model for turbulent bound-
ary-layer velocity profiles has been confirmed frequently in
the past. For turbulent boundary layers, the model presented
here is nearly identical with the Coles profile model so that a
verfication is not necessary.

Applied to laminar boundary layers, the velocity profile
model, Eq. (11), together with the momentum equation, Eq.
(12a), and the energy equation, Eq. (12b), permits the calcula-
tion of two-dimensional incompressible laminar boundary
layers:

(12a)

(12b)

The laminar velocity profiles computed with this approx-
imate method are compared with the Falkner-Skan8 similarity
solutions (Fig. 2) for the laminar boundary layer of a wedge
flow.

When the calculation scheme is used to calculate the
development of the laminar boundary layer of a cylinder in
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/ rotating spokes
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Fig. 3 Comparison of measured laminar, transitional, and turbulent velocity profiles with the model according to Eqs. (11-13).

10-

Schroder |13|
— model eq. (11)

Feindt |12|
— model eq. (11)

Schroder, disturbed by 6
rotating spokes
2 mm |13|

— model eq. (11)

Fig. 4 Comparison of measured laminar, transitional, and turbulent velocity profiles with the model according to Eqs. (11-13).
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D Schubauer, Klebanoff 11
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Table 2 Boundary-layer quantities at the transition point and of the
first fully developed turbulent profiles after transition

Schrdder13

Schroder13

Feindt12

Schaubauer,
Klebanoff11

Tu, %

0.7, add.
disturbed

0.7

0.03

Re2Tr

164

185
289
965

Re2Tl

432

467
1426
2548

HTl

1.502

1.493
1.473
1.380

«„/«„

1.463

1.540
1.537
2.753

pressure gradient, the following investigation deals only with
constant pressure boundary layers. Measured velocity profiles
of Schubauer and Klebanoff,11 Feindt,12 and Schrflder13 (two
series) are used to determine the progress of K in the transition
region. The values of 6, MI|W/£/«,, and K are varied until the
best possible agreement of the velocity distribution given by
Eq. (11) with the measured velocity profiles is found. In Figs.
3a-3d, the results of this fit are shown in the form
M/C/oo =/(T/), and in Figs. 4a-4d in the form u+ K=f(y + K).

Evaluation of the measured velocity profiles with the profile
model [Eq. (11)] yields the relationships between K, co and Red
that are shown in Figs. 5a and 5b. This leads to the following
equation describing the development of K through the transi-
tion region.

0.1 -

0.0

Tu = O.7%
with additional
disturbance

O.05 -

0.0 0.1 0.2Re6-Re6Tr0.3
U)—————————

Re,'6Tr

Fig. 5 Development of K through the transition region according to
Eq. (13).

Re

(13a)

03b)

where Rebl = 1194, corresponding to Reu = 420.
It is remarkable that K is proportional to co in the first part of

the transition region, as shown in Fig. 5a. This proportionality
is valid the longer the earlier transition occurs.

In this context it is interesting to compare the results for the
first fully developed turbulent profile after transition with the
results of Erm et al.,14 who produced low Reynolds number
turbulent boundary layers by forcing an early transition with
stimulation pins. When the height of the stimulation pins was
reduced, he observed that the Reynolds number based on the
momentum thickness Re2T\ of the first respective turbulent
profile increased (Re2Tl =617, 672, 1359, 2425). Similarly, the
measurements evaluated here show that a reduced level of
freestream turbulence, resulting in a delayed onset and com-
pletion of transition, also leads to an increase of Re2T\- This
observation is therefore well described by Eq. (13).

Table 2 shows the relations between the boundary-layer
quantities of the first fully turbulent profile after transition
and the Reynolds number Re2Tr at the onset of transition.

cross flow, the resulting boundary-layer quantities show a
good agreement with the exact numerical solutions calculated
by SchGnauer9 until shortly before separation. Separation is
predicted at 105.8 deg, whereas the exact solution is 104, 5 deg
(Schonauer,9 Terrill10).

V. Transitional Velocity Profile
Before Eq. (11) can be used to describe velocity profiles in

transitional boundary layers, the development of K within the
transition region, where it rises from K = /3toL to K = /cr = 0.41,
has to be known. Although the velocity profile model defined
by Eq. (11) permits a description of boundary layers of any

VI. Conclusion
A correlation was found to describe laminar, transitional,

and turbulent boundary-layer profiles and is defined by Eqs.
(11-13). These equations permit not only the evalution of
measurements in transitional boundary layers in order to
determine the skin friction but also more exact calculations of
the displacement thickness dl and the momentum thickness 62.

If the beginning of transition is known as a function of
freestream turbulence intensity (for example, Granville15), the
development of transition is described by Eq. (13). It also is
possible to calculate intermittency and shear-stress distribu-
tions in transitional boundary layers. Equation (13) was deter-
mined by evaluating constant pressure boundary layers. The
next step is to evaluate boundary layers with non-zero pressure
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gradients in order to check the validity of Eq. (13) for these
cases as well.
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Introduction
1 URBULENT gas jets have been investigated extensively
. in the past because of their intrinsic importance to the
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study of supersonic and hypersonic flows, combustor perfor-
mance, geophysical flows, and variable-density mixing
phenomena. In most of the earlier investigations, mea-
surements were limited to the jet growth rate, centerline decay
behavior, and similarity scaling parameters.1 With the advent
of hot-wire anemometry, hot-wire type concentration probes
were developed to measure the concentration field alone2'3
and to measure the concentration and velocity fields
simultaneously.4'5 Later, these probes were used to study the
density field in a two-dimensional mixing layer of helium and
nitrogen3 and to measure velocity and helium volume concen-
tration simultaneously in a helium/air mixture.5 The latter
study was able to demonstrate that some of the turbulent mass
flux terms normally neglected in the jet equations were not
small compared to those mass flux terms that were retained in
the equations. Since detailed measurements of the mixing pro-
cess were not made, the behavior of mass transfer in a
variable-density flow was not studied.

Alternatives to hot wires are optical techniques. Batt6 pro-
posed the use of a fiber-optic probe to measure species concen-
tration whereas Raman and Rayleigh scattering techniques
were developed by Birch et al.7 and Pitts and Kashiwagi.8
These techniques were far better than the hot-wire probe4

because the concentration measurements were independent of
velocity, and they can be integrated easily with laser Doppler
anemometry (LDA) to measure concentration simultaneously
with velocity. Even though LDA/Raman and LDA/Rayleigh
techniques have not been used to study binary mixing, the two
techniques have been applied to examine premixed9'10 and
nonpremixed11 flames. These studies led to an understanding
of mass transfer in flames and showed that, because of heat-
release effects, the gradient diffusion assumption that was
commonly made to model turbulent axial mass flux was not
valid.11 In spite of these advances, mass transfer in isother-
mal, binary mixing is still little understood.

Since the hot-wire type concentration probe2 measures
species concentration independent of upstream velocity, it can
be used with LDA to measure velocity and concentration
simultaneously. Zhu et al.12 took advantage of this fact and
developed a laser/hot-wire technique to do just that. As a
result, a simple technique is now available for the study of
mass transfer in binary gas jets. This Note presents the results
of an attempt to use the laser/hot-wire technique12 to measure
velocity and concentration simultaneously in the developing
region of a free binary gas jet.

Experimental Setup
The jet test rig consisted of a cylindrical plenum fitted with

a well-contoured convergent nozzle at one end of the cylinder.
The cylindrical plenum was 304.8 mm in depth and 132.4 mm
in diameter, while the jet nozzle diameter (D) was 9.5 mm. A
honeycomb section of 127 mm in length installed just ahead of
the convergent nozzle was used to straighten the flow and to
destroy the large eddies inside the plenum. Premixed
helium/air mixture with 50% of helium by volume was de-
livered to the plenum from compressed gas bottles. A DISA
Model 55L18 seeding generator capable of generating liquid
droplets (50% water and 50% glycerine), centered around 1
/mi in size, was connected to the plenum. Since the liquid
droplets were carried into the plenum by an air stream, the
resultant helium/air mixture delivered to the jet had a helium
volume concentration of <50% depending on the droplet
concentration required for accurate LDA measurements of the
jet velocity field. Once the right droplet concentration was
determined, the supply pressures of the seeding generator air
stream and the helium/air mixture were fixed and maintained
constant for the whole experiment. Consequently, a fairly
constant jet plenum condition was obtained, and the jet veloc-
ity and helium volume concentration were quite uniform at the
jet nozzle exit. The whole facility was arranged vertically so


